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The three-phase contact line of a droplet on a smooth surface can be characterized by the Young-
Dupré equation. It relates the interfacial energies with the macroscopic contact angle θe. On
the mesoscale, wettability is modeled by a film-height-dependent wetting energy f(h). Macro- and
mesoscale description are consistent if γ cos θe = γ+f(ha) where γ and ha are the liquid-gas interface
energy and the thickness of the equilibrium liquid adsorption layer, respectively.
Here, we derive a similar consistency condition for the case of a liquid covered by an insolu-
ble surfactant. At equilibrium, the surfactant is spatially inhomogeneously distributed implying a
non-trivial dependence of θe on surfactant concentration. We derive macroscopic and mesoscopic
descriptions of a contact line at equilibrium and show that they are only consistent if a particular
dependence of the wetting energy on the surfactant concentration is imposed.This is illustrated by
a simple example of dilute surfactants, for which we show excellent agreement between theory and
time-dependent numerical simulations.
I. INTRODUCTION
Surfactants are amphiphilic molecules or particles that
adsorb at interfaces, thereby decreasing the surface ten-
sion of the interface. Their chemico-physical properties
crucially alter the dynamics of thin liquid films with free
surfaces, a fact that is exploited for many industrial and
biomedical applications, e.g. coating, deposition or dry-
ing processes on surfaces, surfactant replacement ther-
apy for premature infants (see [1, 2] for reviews). How-
ever, the detailed mechanism of surfactant driven flows is
still an active field of research, experimentally and the-
oretically. In the simplest case, the spreading of sur-
factant laden droplets on solid surfaces, the presence
of surfactants leads to deviations from the Tanner law,
i.e. the spreading rate is rather R(t) ∼ t(1/4) instead of
R(t) ∼ t(1/10) as expected for the pure liquid (see [2] for
review). The basic explanation for this phenomenon is
that gradients in the surface tension are associated with
interfacial (Marangoni) stresses which drive the fluid flow
and the convective and diffusive transport of surfactant
molecules along the interface. The surfactant concentra-
tion and the interfacial tension are related by an equation
of state.
Besides the modified Tanner law, the interplay between
surfactant dynamics and free surface thin film flows leads
to a variety of intriguing phenomena, such as surfac-
tant induced fingering of spreading droplets [2–7], super-
spreading of aqueous droplets on hydrophobic surfaces
[8, 9], or autophobing of aqueous drops on hydrophilic
∗ u.thiele@uni-muenster.de
substrates [10–12]. In addition to creating Marangoni-
stresses at the free interface, several other properties of
surfactants enrich the spectrum of dynamical behaviors
observed. Bulk solubility, their propensity to form mi-
celles or lamellar structures at high concentrations, the
surfactant mobility on the solid surface and their abil-
ity to spread through the three-phase contact region are
all key parameters to influence the flow properties. But
the presence of surfactants does not only affect the flow
dynamics. Also in the static situation of a surfactant-
covered droplet on a substrate in equilibrium, the spa-
tially inhomogeneous distribution of surfactant will cause
a non-trivial dependence of the contact angle on the sur-
factant concentration.
The governing equations that describe film flows and
surfactant dynamics at low surfactant concentrations and
in situations where the influence of wettability is negli-
gible are well established (see [13, 14] for review). Typ-
ically, the dynamics of the liquid with a free surface is
described using an evolution equation for the film height
(derived from the lubrication approximation of a viscous
Stokes flow with no-slip boundary condition at the sub-
strate) coupled to an evolution equation of the surfac-
tant concentration. The equations usually include cap-
illarity (with a constant surface tension, though) and
Marangoni stresses via an equation of state for the sur-
factant. Some models include wettability via a disjoining
pressure [11, 15, 16]. However, often specific model fea-
tures, e.g. nonlinear equations of state are included at
the level of the dynamic equations in an ad hoc fashion,
neglecting thereby the fact, that the passive surfactant-
thin film system has to respect symmetries imposed by
the laws of thermodynamics (see [13] for review).
The recent formulation of the dynamic equations in
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2terms of a thermodynamically consistent gradient dy-
namics [13, 14] sheds some light on a more rigorous ap-
proach to model surfactant driven thin film flows using
an energy functional. Following the approach from Refs.
[13, 14], features like nonlinear equations of state for the
surfactant and concentration-dependent wettability can
be included in a consistent manner into a mesoscopic de-
scription. However, what still needs to be established is
the consistency of the mesoscopic approach with macro-
scopic parameters, i.e. the equilibrium contact angle of a
droplet in the presence of surfactants. This relation has
been derived by Sharma [17] for droplets of pure liquids
on a solid substrate, by relating the mesoscopic param-
eters of the wetting energy to the macroscopic Young-
Dupré equation and is e.g. also discussed in [18] for dif-
ferent wetting scenarios.
Here we establish this mesoscopic-macroscopic link for
the extended system: a droplet of a pure liquid in con-
tact with a solid substrate covered by a liquid adsorp-
tion layer in the presence of insoluble surfactants. Our
approach is based on a mesoscopic energy functional de-
pending on the film height and the surfactant coverage
profiles. We reveal the selection of the contact angle θe
in the presence of surfactants. This involves a nontrivial
coupling with the equilibration of surfactant concentra-
tions, respectively on the drop and on the liquid adso-
prtion layer. These considerations are relevant for cases
involving bare substrates or ultra thin films, where apo-
lar and/or polar forces between interfaces become non-
negligible and where the dynamics is governed by the
contact line. For example, it has been proposed that the
onset of Marangoni flows for surfactant driven spread-
ing and fingering of droplets on hydrophilic surfaces de-
pends on the ability of the surfactant to diffuse in front
of the droplet to establish a gradient, which then drives
the flow [6, 7]. Similarly, autophobing is associated with
a transfer of surfactant onto the substrate to render it
less hydrophilic [10, 11], leading to dewetting and film
rupture. Although surfactant induced flows are dynamic
phenomena out of equilibrium, the underlying theoretical
framework of linear flux-force relations has to be consis-
tent with the equilibrium conditions at the meso- and
macroscale.
The paper is structured as follows: First in section
II, we will revise how to derive the macroscopic and
mesoscopic equilibrium descriptions for a surfactant-free
droplet of a pure liquid on a solid substrate. This paral-
lel approach establishes the link between the macroscopic
variables (surfaces tensions) and the additional meso-
scopic variables (wetting energy) via the Young-Dupré
law. While this section gives identical results as Ref. [17],
it is nevertheless a pedagogical introduction to the more
involved calculations in the presence of surfactants, which
constitutes section III of the paper. We rely here strictly
on the existence of a (generalized) Hamiltonian, which in-
cludes capillarity and a wetting energy, both dependent
on the surfactant concentration. No other assumptions
about the underlying hydrodynamics of the problem are
made. We show the conditions for consistency between
the macroscopic and mesoscopic approach in terms of the
equilibrium contact angle and the equilibrium distribu-
tion of surfactants. In section IV, we illustrate our cal-
culations by explicitly choosing a functional form for the
Hamiltonian, consistent with a linear equation of state
for the surfactant and we propose a simple modification
of the disjoining pressure which yields consistency with
the Young-Dupré law in the presence of surfactants.
II. A DROP OF SIMPLE LIQUID (NO
SURFACTANTS)
A. Macroscopic consideration
We start by reviewing the derivation of the Laplace
pressure and the Young-Dupré law from a free energy
approach that we will later expand by incorporating sur-
factants. Let us consider a 2D liquid drop of finite vol-
ume, i.e., a cross section of a transversally invariant liquid
ridge, that has contact lines at x = ±R (see sketch Fig. 1
(a)). The liquid-gas, solid-liquid and solid-gas free energy
per area here directly correspond to the interface tensions
and are denoted by Υ, Υsl and Υsg, respectively. Using
the drop’s reflection symmetry the (half) free energy is
F =
∫ R
0
dx [Υξ + Υsl − Ph]+
∫ ∞
R
dxΥsg+λhh(R). (1)
where the metric factor is
ξ =
(
1 + (∂xh)
2
)1/2 (2)
and ∂x denotes the derivative w.r.t. x. For small inter-
face slopes one can make the small-gradient or long-wave
approximation
ξ ≈ 1 + (∂xh)2/2 (3)
often used in gradient dynamics models on the interface
Hamiltonian (aka thin-film or lubrication models) [19–
21]. The liquid volume V =
∫
dxh is controlled via the
Lagrange multiplier P .
We independently vary the profile h(x) and the posi-
tion of the contact line R. The two are coupled due to
h(R) = 0, which is imposed through the Lagrange mul-
tiplier λh. Varying h(x) implies
δF =
[
Υ
∂xh
ξ
+ λh
]
δh(R)−
∫ R
0
dx δh(x)
[
Υ
∂xxh
ξ3
+ P
]
(4)
which gives
λh = −Υ∂xh
ξ
, for x = R, (5)
P = −Υκ, for x ∈ [0, R], (6)
where we introduced the curvature
κ =
∂xxh
ξ3
. (7)
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FIG. 1. Liquid drop at a solid-gas interface. (a) In the macroscopic picture, the equilibrium contact angle θe is determined
by the interfacial tensions Υ, Υsl and Υsg, characterizing the liquid-gas, solid-liquid and solid-gas interface, respectively. (b)
In the mesoscopic picture, the substrate is covered by an equilibrium adsorption layer of height ha which corresponds to the
minimum of the wetting energy f(h).
The variation of R evaluated at x = R gives
δF = [Υξ + Υsl −Υsg − Ph+ λh(∂xh)] δR (8)
which together with the constraint h(R) = 0 and λh
[Eq. (5)] results in the Young-Dupré law
Υ cos θe = Υsg −Υsl , (9)
where we employed
1/ξ =
(
1 + (∂xh(R))
2
)−1/2
= cos θe. (10)
Note that a similar approach is also presented in [22] and
in [23], where a transversality condition at the boundary
is used instead of a Lagrange multiplier that fixes h(R) =
0. Next, we remind the reader how to obtain the same
law from considerations on the mesoscale.
B. Mesoscopic consideration
Now we start from an interface Hamiltonian derived
from microscopic considerations, asymptotically or nu-
merically (see e.g., Refs. [24–27])
F =
∫ ∞
0
dx [Υξ + Υsl + f(h)− Ph] (11)
with the same metric factor defined in (2). As in (1) we
consider only the half energy of a reflection symmetric
droplet. Here f(h) is the wetting potential [24, 25] as
depicted in Fig. 1 (b). For partially wetting liquids f(h)
normally has a minimum at some h = ha correspond-
ing to the height of an equilibrium adsorption layer (in
hydrodynamics often referred to as “precursor film”) and
approaches zero as h→∞. Mathematically, F is a Lya-
punov functional, thermodynamically it may be seen as
a grand potential, and in a classical mechanical equiv-
alent it would be an action (i.e., the integral over the
Lagrangian, with position x and film height h taking the
roles of time and position in classical point mechanics).
Now we vary F w.r.t. h(x) and obtain
δF =
∫ ∞
0
dx δh(x) [−Υκ+ ∂hf − P ] (12)
where we used [Υ∂xhξ δh(x)]
∞
0 = 0. Based on (12), the free
surface profile is given by the Euler-Lagrange equation
0 = −Υκ+ ∂hf − P . (13)
Multiplying by ∂xh and integrating w.r.t. x gives the ’first
integral’1
E = −Υ
∫
∂xh
ξ3
∂xxh dx+ f(h)− Ph+ Υsl
=
Υ
ξ
+ f(h)− Ph+ Υsl , (14)
where E is a constant that is independent of x. This
first integral can be interpreted as an energy density or
as the horizontal force acting on a cross-section of the
film. The fact that E is constant reflects the horizontal
force balance.
Now we consider the wedge geometry in Fig. 1(b) and
determine the thickness ha of the coexisting adsorption
layer on the right and the angle θe formed by the wedge
on the left. To do so, we first consider Eqs. (13) and
(14) in the wedge region far away from the adsorption
layer, i.e., where the film height is sufficiently large that
f, ∂hf → 0 and hP → 0. Note, that the mesoscopic
wedge region with ∂xh ≈ const is distinct from the region
of the macroscopic droplet governed by the Laplace law
P = −Υκ (For a more extensive argument see Ref. [17]).
This gives
P = 0 (15)
E =
Υ
ξw
+ Υsl (16)
in the wedge. Second, we consider the adsorption layer
far away from the wedge. There, Eqs. (13) and (14) result
in
P = ∂hf |ha (17)
E = Υ + f(ha)− haP + Υsl . (18)
1 Note, that if the integrand of (11) is seen as Lagrangian L, the
generalized coordinate and corresponding momentum are q = h
and p = ∂L/∂(∂xh) = Υ(∂xh)/ξ, respectively. Then the first
integral E corresponds to the negative of the Hamiltonian H =
p∂xq − L.
4Equilibrium states are characterized by a pressure P and
a first integral E that are constant across the system.
Therefore, the adsorption layer height ha and the contact
angle θe are given by
P = ∂hf |ha = 0 and (19)
Υ
ξw
= Υ cos θe = Υ + f(ha) (20)
respectively.
C. Consistency of mesoscopic and macroscopic
approach
Comparing Eq. (20) with the macroscopic Young-
Dupré law (9) in section IIA yields the expected relation
f(ha) = Υsg −Υsl −Υ = S (21)
as condition for the consistency of mesoscopic and macro-
scopic description. S denotes the spreading coefficient.
For small contact angles θe  1, Eq. (20) reads f(ha) =
−Υθ2e/2.
We can now reinterpret the free energy in (11). The
solid substrate with adsorption layer corresponds to the
“dry” region in the macroscopic free energy (1). For con-
sistency at the energy level, the mesoscopic energy den-
sity should approach Υsg in the adsorption layer at P = 0
and consequently f(ha) = Υsg−Υsl−Υ, which leads also
to relation (21) 2.
As an aside, we note that the here presented calcula-
tion is not exactly equivalent to the determination of a
binodal for a binary mixture where coexistence of two
homogeneous phases is characterized by equal chemical
potential and equal local grand potential. Here, the coex-
istence of a homogeneous phase (adsorption layer) and an
inhomogeneous phase (wedge) is characterized by equal
pressure P (corresponding to the chemical potential in
the case of a binary mixture) and equal Hamiltonian E
(which differs from the local grand potential, i.e., the in-
tegrand in (11) by a factor 1/ξ2 in the liquid-gas interface
term).
2 The solid substrate with adsorption layer corresponds to the
“moist case” in [28], where the energy density should ap-
proach Υsg (strictly speaking Υmoistsg ) and consequently f(ha) =
Υmoistsg − Υsl − Υ as for a flat equilibrium adsorption layer at
P = 0. This implies that the “moist” spreading coefficient is
Smoist = f(ha) which is well defined as long as f(h) has a min-
imum. Note that for h → 0, in many approximations the wet-
ting energy f(h) shows an unphysical divergence. This may be
avoided by employing a cut-off (see e.g., [22, 28] or by determin-
ing f(h) from proper microscopic models [26, 27, 29, 30]). In the
latter case one finds a finite f(0) = Υdrysg −Υsl −Υ = Sdry well
defined even for f(h) without minimum.
III. A LIQUID DROP COVERED BY
INSOLUBLE SURFACTANTS
A. Macroscopic consideration
We now consider insoluble surfactants, which exhibit
a number density Γ (per unit area) on the free liquid-
gas interface h(x) (see Fig. 2(a)). There may also be
surfactant at the solid-gas interface. The total amount of
surfactant, N =
∫
dsΓ =
∫
dxξΓ, is conserved, which is
imposed by a Lagrange multiplier λΓ. The liquid volume
V =
∫
dxh and the condition h(R) = 0 for a contact
line at R are ensured via Lagrange multipliers P and λh,
respectively (as in section IIA). The surface free energies
of the liquid-gas and solid-gas interfaces are characterized
by the functions g(Γ) and gsg(Γ) respectively. The solid-
liquid interface is assumed to be free of surfactant.
As for the case of pure liquid in section IIA, we first
consider a macroscopic formulation in which the inter-
action of the liquid-gas interface (and surfactants) with
the solid near the three-phase contact line is not made
explicit – this is done in the mesoscopic model presented
in section III B below.
The energy now to be minimized corresponds to a
grand potential and reads
F [h,Γ] =
∫ R
0
dx [ξg (Γ) + Υsl − Ph] +
∫ ∞
R
dx gsg (Γ)
− λΓ
(∫ R
0
dx ξΓ +
∫ ∞
R
dxΓ
)
+ λhh(R).
(22)
Varying the field Γ(x) gives
δF =
∫ R
0
dx ξ(∂Γg−λΓ)δΓ+
∫ ∞
R
dx (∂Γgsg−λΓ)δΓ (23)
resulting in
λΓ = ∂Γg for x ∈ [0, R]
and λΓ = ∂Γgsg for x ∈ [R,∞] . (24)
Since, in general, ∂Γg is a function of Γ and λΓ is a con-
stant, Eq. (24) implies that the surfactant is homoge-
neously distributed in each region, i.e.,
∂xΓ = 0. (25)
We introduce the equilibrium concentrations Γ(x) = Γd
on the droplet and Γ(x) = Γa on the substrate. For
the equilibrium distribution of surfactants with constant
chemical potential λΓ, Eq. (24) reduces to
∂Γg|Γd = ∂Γgsg|Γa . (26)
5Υsl
Υ = g − Γ∂Γg
Υsg = gsg − Γ∂Γgsg
−R 0 R x
(a) macroscopic picture
Γ(x) = Γd
Γ(x) = Γa
Υsl
x0
Υ = g − Γ∂Γg
Γ(x)→ Γd
f(h,Γ)
(b) mesoscopic picture
Γ(x)→ Γa
h
FIG. 2. Liquid drop covered by insoluble surfactant at a solid-gas interface. (a) In the macroscopic approach, the equilibrium
contact angle is determined by the solid-liquid interfacial tension Υsl and the interfacial tensions Υ and Υsg, which describe the
liquid-gas and the the solid-gas interfacial tension and which depend on the respective surfactant concentrations Γd and Γa on
the droplet and the adsorption layer. (b) In the mesoscopic picture, the substrate is covered by an equilibrium adsorption layer
and the contact angle is determined by the liquid gas interfacial tension Υ which depends on the surfactant concentration, the
solid-liquid interfacial tension Υsl and the minimum of the wetting energy f(ha).
Varying the field h(x) gives
δF =
∫ R
0
dx
[
−P − ∂xxh
ξ3
(g − λΓΓ)
]
δh(x)
+
[(
∂xh
ξ
(g − λΓΓ)
)
δh
]R
0
+ λhδh(R)
=
∫ R
0
dx [−P − κΥ] δh(x) +
[
∂xh
ξ
Υ + λh
]
δh(R)
(27)
where we employed Eq. (24) and introduced the
surfactant-dependent liquid-gas interface tension (aka lo-
cal grand potential, aka mechanical tension in the inter-
face or surface stress)
Υ = g − Γ∂Γg . (28)
Note that indeed for insoluble surfactants a Wilhelmy
plate in a Langmuir trough measures Υ and not g as
the area is changed at fixed amount of surfactant, i.e., Γ
changes with the area. At the left boundary at x = 0,
the reflection symmetry of the droplet enforces ∂xh = 0.
Eq. (27) implies that the Laplace pressure and λh become
P = −Υκ, for x ∈ [0, R] (29)
λh = −Υ∂xh
ξ
, at x = R. (30)
Finally, variation of R evaluated at x = R gives:
δF =[ξg (Γ) + Υsl − Ph− gsg(Γa)− λΓξΓd
− λΓΓa + λh∂xh(R)]δR (31)
Using the constraint h(R) = 0, as well as the obtained
values for λΓ and λh, this gives the boundary condition
(using 1/ξ = cos θe):
0 = Υsl −Υsg(Γa) + Υ(Γd) cos θe (32)
with Υ(Γd) = g(Γd)− Γd∂Γg|Γd , (33)
and Υsg(Γa) = gsg(Γa)− Γa∂Γgsg|Γa , (34)
i.e., we have again found the Young-Dupré law that re-
lates interfacial tensions and equilibrium contact angle.
However, the interface tensions Υi are not based on
the local free energies g and gsg (which would enter at
fixed concentration Γ), but on the local grand potentials
g−Γ∂Γg and gsg−Γ∂Γgsg (valid at constant total amount
of surfactant).
Importantly, the values of Υ and Υsg are not fixed a
priori, but have to be determined self-consistently from
the equilibration of surfactant concentration, as given by
(26). As such, the observed contact angle involves a sub-
tle coupling between mechanics and distribution of sur-
factants.
B. Mesoscopic consideration
In analogy to section II B where we developed meso-
scopic considerations in the case without surfactant, next
we discuss how to describe the case of insoluble surfac-
tants on the mesoscale. Again we focus on equilibrium
situations involving a contact line (Fig. 2(b)). Now it
needs to be discussed how the dependency of the wetting
potential on surfactant concentration has to be related to
the respective dependencies of the involved surface ener-
gies to ensure consistency of mesoscopic and macroscopic
descriptions.
A general discussion of a gradient dynamics descrip-
tion for the dynamics of liquid layers or drops covered
by insoluble or soluble surfactants can be found in [13]
and [14], respectively. There, various thermodynamically
consistent extensions of thin film hydrodynamics with-
out surfactants towards situations with surfactants are
discussed and contrasted to literature approaches. Such
extensions are, for instance, surfactant-dependent inter-
face energies and wetting potentials that affect not only
hydrodynamic flows but also diffusive fluxes. However,
the intrinsic relations between wetting energy f and in-
terface energies g were not discussed.
To begin with, we consider a general wetting energy
f(h,Γ) and interface energies g(Γ). The resulting grand
6potential is
F [h,Γ] =
∫ ∞
0
[Υsl + f(h,Γ) + g(Γ)ξ − Ph− λΓΓξ] dx
(35)
with ξ being again the metric factor (2). P and λΓ are the
Lagrange multipliers for the conservation of the amounts
of liquid and surfactant, respectively. Note that we treat
the solid-liquid interface energy Υsl as constant.
Varying h(x) and Γ(x) , we obtain from (35) the Euler-
Lagrange equations
P = ∂hf − ∂x[(g − λΓΓ)∂xhξ ] (36)
and λΓ =
1
ξ
∂Γf + ∂Γg, (37)
respectively, i.e., the pressure P and chemical potential
λΓ are constant across the system.
We use the mechanical approach of footnote 1 and in-
troduce the generalized positions q1 = h and q2 = Γ
and obtain from the local grand potential (integrand in
(35), i.e., the ’Lagrangian’), the generalized momenta
p1 = (g − λΓΓ)(∂xh)/ξ and p2 = 0, respectively. In
consequence, the first integral E is
E = Υsl + f +
g − ΓλΓ
ξ
− hP (38)
i.e., Eq. (14) with Υ replaced by g(Γ) − ΓλΓ. All equi-
librium states are characterized by P , λΓ and E that are
constant across the system. This allows us to investigate
the coexistence of states.
As in section II B, we consider the equilibrium between
a wedge region with constant slope tan θe and an adsorp-
tion layer of thickness ha (Fig. 2(b)). As the wetting
potential f(h,Γ) depends on film height and surfactant
concentration, one does not only need to determine the
coexisting wedge slope and adsorption layer height as in
section II B but also the coexisting surfactant concen-
trations on the wedge, Γw, and on the adsorption layer,
Γa. The considered wedge is far away from the adsorp-
tion layer (h  ha, f → 0, |∂xh| → tan θe, Γ → Γw)
and the adsorption layer is far away from the wedge
(h → ha, ∂xh → 0, Γ → Γa), i.e., both are sufficiently
far away from the contact line region. By comparing P ,
λΓ and E from Eqs. (36), (37) and (38) in wedge and
adsorption layer (in analogy to the calculation in section
II B), one finds
0 = ∂hf |(ha,Γa), (39)
∂Γg|Γw = ∂Γf |(ha,Γa) + ∂Γg|Γa , (40)
Υ(Γw) cos θe = f(ha,Γa)− Γa∂Γf |(ha,Γa) + Υ(Γa), (41)
respectively. To obtain (41) we have already used (39)
and (40) as well as ξw = 1/ cos θe and (28). Without
surfactant we recover Eq. (20) of section II B as g(0) is
Υ of Sec. II.
The obtained Eqs. (39) to (41) allow one to deter-
mine the ’binodals’ for the wedge-adsorption layer co-
existence. In practice, one may chose any of the four
quantities θe,Γw, ha,Γa as control parameter and deter-
mine the other three from the three relations (39)-(41).
It is convenient to pick Γa as control parameter and first
use Eq. (39) to determine ha, then employ Eq. (40) to
obtain Γw and, finally, Eq. (41) to get the equilibrium
contact angle θe. To obtain specific results, the wetting
energy f(h,Γ) and free energies of the liquid-gas inter-
face g(Γ) and the solid-gas interface gsg(Γ) have to be
specified. A simple but illustrative example is discussed
in section IV.
C. Consistency of mesoscopic and macroscopic
approach
Eq. (41) is the generalization of the mesoscopic Young-
Dupré law (20) for the treated case with surfactant. As
the concentrations are different on the wedge (Γ = Γw)
and on the adsorption layer (Γ = Γa), the liquid-gas in-
terface tensions are also different. Eq. (41) is accom-
panied by Eqs. (39) and (40) that provide the adsorp-
tion layer height and the relation between Γw and Γa, re-
spectively. Comparison of the mesoscopic Young-Dupré
law [Eq. (41)] with the macroscopic one [Eq. (34) in sec-
tion IIIA] implies
f(ha,Γa)−Γa∂Γf |(ha,Γa) = Υsg(Γa)−Υsl−Υ(Γa) = S(Γa).
(42)
This corresponds to a generalization of the consistency
condition (21) for the case with surfactant. It relates
the macroscopic equations of state (or interface energies)
with the height- and surfactant-dependent wetting en-
ergy.3
We have used that the surfactant concentrations
should be identical in the macroscopic and the meso-
scopic description. Note that the surfactant concen-
tration Γw on the wedge in the mesoscopic picture
corresponds to the concentration Γd on the droplet
in the macroscopic picture, as can be seen from Eq.
(37). The consistency of the surfactant concentrations
in both descriptions implies another condition, namely,
that the macroscopic chemical equilibrium [Eq. (24)]
∂Γg|Γw = ∂Γgsg|Γa has to coincide with the mesoscopic
one [Eq. (40)], i.e., ∂Γg|Γw = ∂Γf |(ha,Γa) + ∂Γg|Γa . Com-
paring the two conditions implies
∂Γgsg|Γa = ∂Γf |(ha,Γa) + ∂Γg|Γa . (43)
Introducing the resulting relation for ∂Γf |(ha,Γa) into (42)
results in
f(ha,Γa) = gsg(Γa)−Υsl − g(Γa). (44)
3 Note that alternatively one may instead of (28) define Υ = g −
Γ∂Γg−Γ/ξ∂Γf rendering relations (14), (20), etc. formally valid
at the cost of introducing a surfactant-, film height- and film
slope-dependent surface tension.
7In the next section we explore the consequences of the
consistency conditions for a relatively simple case: First,
we assume a low surfactant concentration resulting in
purely entropic interfacial energies g(Γ) and gsg(Γ) before
extending the result to arbitrary g.
IV. APPLICATION FOR A SIMPLE ENERGY
In the next section, we illustrate our examples for a
simple free energy which describes the situation of a low
concentration of surfactant. We employ a wetting energy
that is a product of height- and concentration-dependent
factors, i.e., the presence of surfactant only changes the
contact angle but not the adsorption layer height.
A. Macroscopic consideration
We consider a low concentration (ideal gas-like) insol-
uble surfactant on the solid-gas and the liquid-gas inter-
face. In general, the surfactant will even in the dilute
limit affect the liquid-gas and solid-gas interfaces differ-
ently, i.e., the relevant molecular scales a will differ due
to different effective molecular areas. Thus we write the
surface free energies g(Γ) and gsg(Γ) as
g(Γ) = Υ0 +
kBT
a2
Γ(ln Γ− 1) (45)
gsg(Γ) = Υ
0
sg +
kBT
a2sg
Γ(ln Γ− 1) (46)
respectively, i.e., introduce different effective molecular
length scales a and asg. This results in
Υ(Γ) = g − Γ∂Γg = Υ0 − kBT
a2
Γ (47)
Υsg(Γ) = gsg − Γ∂Γgsg = Υ0sg −
kBT
a2sg
Γ, (48)
i.e., the purely entropic free energy results in a lin-
ear equation of state. The macroscopic concentration-
dependent Υsg(Γa) reflects the fact that the solid-gas in-
terface is ’moist’ as it is covered by the adsorption layer,
and at equilibrium, surfactant is found on the drop as well
as on the adsorption layer. As a result, the solid-gas in-
terface tension Υsg in the macroscopic picture aggregates
the effects of surfactant on wetting energy and interface
energy Υ.
By inserting these interface energies into the modified
Young-Dupré law (34), we find
cos θe =
cos θe0 − 1δΓa
1− 1Γd (49)
with θe0 being the contact angle in the absence of sur-
factant, δ = a
2
a2sg
being the ratio of the different molecu-
lar length scales and 1 = kBT/(a2Υ0) being a positive
constant. The ratio of surfactant concentrations follows
directly from Eqs. (26) as
Γd = Γ
a2
a2sg
a = Γ
δ
a . (50)
We discuss a number of limiting cases which distinguish
between different ratios of the molecular length scales.
(A) The dependencies of the interface energies g and
gsg on surfactant are identical, i.e., a = asg and
therefore δ = a2/a2sg = 1. The surfactant concen-
trations on adsorption layer and drop are identical
(Γd = Γa = Γ). The observable dependence of the
equilibrium contact angle θe on the surfactant con-
centration takes the form
cos θe =
cos θe0 − 1Γ
1− 1Γ (51)
i.e. the contact angle would monotonically increase
with the surfactant concentration, giving rise to the
effect of autophobing.
(B) The surfactant prefers to stay on the liquid-gas in-
terface, i.e., a  asg and δ = a2/a2sg  1. This
implies Γd  Γa. The equilibrium contact angle
shows the following functional dependence on the
surfactant concentration
cos θe ≈ cos θe0
1− 1Γd . (52)
This case corresponds to the classical surfactant ef-
fect, which decreases the equilibrium contact angle
with increasing concentration.
(C) The surfactant prefers to stay on the solid-gas in-
terface, i.e., a  asg and δ = a2/a2sg  1, which
implies Γd  Γa. The equilibrium contact angle
shows the following functional dependence on the
surfactant concentration
cos θe ≈ cos θe0 − 1δΓd (53)
This case corresponds to a strong autophobing ef-
fect, which increases the equilibrium contact angle
with increasing surfactant concentration.
These limiting cases illustrate that the dependency of θe
with amount of surfactant depends subtly on the nature
of the free energies. This will be further investigated
numerically below in section IVD.
B. Mesoscopic consideration
We again consider a low concentration (ideal gas-like)
insoluble surfactant on the liquid-gas interface with the
ideal gas local free energy g(Γ) as defined in (45) and the
liquid-gas interface tension Υ(Γ) as defined in (47). Note
that gsg does not occur in the mesoscopic description as
8the whole domain is at least covered by an adsorption
layer. Further we use the strong assumption that the
wetting energy factorises as
f(h,Γ) = χ(Γ)fˆ(h) (54)
with χ(0) = 1. This allows us to investigate the case of
a surfactant that influences the contact angle but does
not change the adsorption layer height. The surfactant-
independent adsorption layer height ha is still given by
∂hfˆ |ha = P as in section II B. The equilibrium contact
angle θe is obtained by inserting the product ansatz (54)
for f(h,Γ) into (41), which results in
Υ(Γw) cos θe = Υ(Γa) + fˆ(ha) [χ(Γa)− Γa∂Γχ|Γa ] .
(55)
Note that the restriction to a simple product ansatz
implies that one is not able to investigate surfactant-
induced wetting transitions characterized by a diverging
adsorption layer height and we expect the ansatz to break
down for θe → 0. This will be further discussed else-
where.4
C. Consistency of mesoscopic and macroscopic
approach
The concentration-dependence of χ(Γ) in (54) can not
be chosen freely, but needs to account for the consistency
condition of mesoscopic and macroscopic picture (cf. sec-
tions III C). By inserting the product ansatz (54) for the
wetting energy and the entropic local free energies into
condition (44), which ensures the consistency of the two
approaches, we obtain
χ(Γa) = 1−MΓa(ln(Γa − 1))
with M =
kBT
fˆ(ha)
(
1
a2
− 1
a2sg
)
. (56)
As this expression has to hold for any Γa, the wetting
energy can be written as
f(h,Γ) = fˆ(h)
[
1− kBT
fˆ(ha)
(
1
a2
− 1
a2sg
)
Γ(ln Γ− 1)
]
.
(57)
Let us summarize the mesoscopic and the macroscopic
approach for a drop covered by insoluble surfactant:
Macroscopically, the situation is completely determined
4 In general, it is known [31] that two (independent) critical ex-
ponents characterize the change in wetting behavior close to the
wetting transition: They characterize (i) how cos(θe) approaches
one and (ii) how the thickness of the adsorption layer diverges.
Choosing a product ansatz corresponds to the limiting case of
zero critical exponent for the adsorption layer height.
by g, gsg and Υsl. This allows for given Γa or Γd to ob-
tain the other Γ and the contact angle θe.
Mesoscopically, gsg is not defined, but via the consistency
conditions it is reflected in the wetting energy f(h,Γ)
that itself is not part of the macroscopic description. In
the special case treated in this section, g is determined by
a, the macroscopic quantity gsg is determined by asg, und
the concentration-dependence of the mesoscopic f(h,Γ)
depends on both, a and asg.
D. Numerical simulations for surfactant-covered
drops on a finite domain
To illustrate the equilibrium solutions of the model
for finite domains, we perform numerical time simula-
tions of the evolution equations for film height and sur-
factant concentration. The emerging equilibrium states
which arise in the time simulations at large times are then
compared to the analytical predictions. As discussed in
Refs.[13] and [14], the evolution equations for a thin film
covered by an insoluble surfactant can be written in the
form of a gradient dynamics of the mesoscopic free en-
ergy functional F given in Eq. (35) by introducing the
projection of the surfactant concentration onto the flat
surface of the substrate Γ˜ = ξΓ
∂th = ∇ · [Qhh∇δF
δh
+QhΓ∇δF
δΓ˜
] , (58)
∂tΓ˜ = ∇ · [QΓh∇δF
δh
+QΓΓ∇δF
δΓ˜
] , (59)
where the respective mobilities are denoted as Qij . In
the following, we consider the wetting energy
f(h,Γ) = χ(Γ)fˆ(h) = χ(Γ)
A
2h2
(
2h3a
5h3
− 1
)
, (60)
where fˆ(h) consists of two power laws and for A > 0
describes a partially wetting fluid that macroscopically
forms a droplet of finite contact angle on a stable ad-
sorption layer of height ha.
For the numerical analysis, the model is re-scaled, in-
troducing the length scale l = ha. The solutions are char-
acterized by three dimensionless parameters 1 = kBTa2Υ0 ,
2 = − 10fˆ(ha)3Υ0 = Ah2aΥ0 and δ =
a2
a2sg
. These are con-
nected to the ratio between the entropic contribution of
the surfactant and the interfacial tension without surfac-
tant, the equilibrium contact angle without surfactant
and the ratio of the effective molecular length scales of
the surfactant at the liquid-gas and solid-gas interface,
respectively.
Starting with a droplet on an adsorption layer covered
by a homogeneous surfactant concentration Γ(x) = Γ¯
as initial condition, the evolution equations are solved
using a finite element scheme provided by the modu-
lar toolbox DUNE-PDELAB [32, 33]. The simulation
domain Ω = [0, Lx] with Lx/l = 200 is discretised on
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FIG. 3. Profiles of film height h (top) and surfactant concentration Γ (bottom) evolving in the numerical simulations for large
times. The simulations are performed for three different ratios δ = a
2
a2sg
of the effective molecular length scales of the surfactant
at Γ¯ = 0.04 in (a) and three different mean surfactant concentrations Γ¯ at δ = 2 in (b) while keeping the remaining parameters
fixed to 1 = 0.2 and 2 = 0.4. Note that the surfactant concentration Γw which occurs on the wedge in the mesoscopic
description corresponds to the concentration Γd on the droplet.
an equidistant mesh of Nx = 256 quadratic elements
with linear test and ansatz functions. No-flux bound-
ary conditions are applied for both fields, corresponding
to fixed amounts of fluid and surfactant in the system.
For the time-integration, we employ an implicit Runge-
Kutta scheme with adaptive time step and use the change
in contact angle as the criterion to terminate the simula-
tion when an equilibrium state is reached.
Figure 3 shows the profiles for film height and surfac-
tant concentration to which the system converges for
large times. As examples, we study three different ra-
tios δ of the effective molecular length scales of the sur-
factant while keeping the remaining parameters fixed to
1 = 0.2 and 2 = 0.4. The resulting profiles confirm
the limiting cases discussed in section IV A. If the de-
pendencies of the interface energies g and gsg are iden-
tical, i.e. a = asg and thus δ = 1 (solid blue lines),
the surfactant concentration is identical on drop and ad-
sorption layer. The addition of surfactant to the system
has in this case only little effect on the contact angle. If
the surfactant prefers to stay on the liquid-gas interface
[a < asg and thus δ < 1 (dashed red lines)], the surfac-
tant accumulates on the droplet and the contact angle is
slightly lowered. If the surfactant prefers to stay on the
solid-gas interface [a > asg and thus δ > 1 (dash-dotted
green lines)], the surfactant concentration on the drop
is smaller then on the adsorption layer and the contact
angle of the droplet increases. From the numerical time
simulations, we extract the surfactant concentrations on
the adsorption layer and on the droplet as well as the
equilibrium contact angle and compare it to the analyti-
cally obtained equilibrium conditions (49) and (50) using
the surfactant concentration on the adsorption layer Γa
as control parameter. In the time simulations, different
amounts of surfactant are simply implemented by chang-
ing the initial concentration of surfactant Γ¯. Figure 4
shows for three different values of δ the analytically ob-
tained equilibrium values (49) and (50) depending on Γa
as solid lines and the values extracted from time simula-
tions with Lx/l = 200 (diamonds). The surfactant con-
centrations measured in the time simulation (top) match
the analytical prediction very well. However, there is a
small discrepancy for the contact angles (bottom). In
order to understand this offset and test the hypothesis
that it can be attributed to finite size effects, we analyse
the steady state solutions using parameter continuation
[34] employing the software package AUTO-07p [35]. The
dashed lines in Figure 4 show the concentration Γw and
cos(θe) obtained by parameter continuation for a domain
and droplet size that correspond to the values used in
the time simulations. If the domain size is increased to
Lx/l = 700 with accordingly adjusted liquid volume, the
values obtained by parameter continuation (dotted lines)
are very close to the analytical prediction. The observed
deviation of the time simulations can thus be explained
by the finite size of the simulation domain and droplet.
For very large domain and droplet sizes, the analytical
predictions for surfactant concentration and contact an-
gle perfectly match.
E. Generalization to arbitrary interface energies
Having established the form of the function χ(Γ) which
guarantees the consistency of the macroscopic and meso-
scopic approach for the equilibrium contact angle we can
now write a free energy on the mesoscale which is consis-
tent with the macroscale. Identifying χ with
χ = 1
fˆa
[gsg(Γ)− g(Γ)] (61)
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FIG. 4. Surfactant concentration on the droplet (top) and
equilibrium contact angle (bottom) depending on the sur-
factant concentration in the adsorption layer. The analyti-
cally obtained equilibrium conditions (solid lines) are com-
pared to values extracted from time simulations (diamonds)
for three values of of δ. The dashed (dotted lines) show the
values obtained by parameter continuation for the domain size
Lx/l = 200 (Lx/l = 700). The discrepancy in the equilibrium
contact angle between the numerical and the analytical result
can be attributed to finite size effects.
we can rewrite Eq. (35) as
F [h,Γ] =
∫ {
Υsl +
fˆ(h)
fˆa
[gsg(Γ)− g(Γ)]
+ ξ [g(Γ)− λΓ]− Ph
}
dx . (62)
We split now the energy functional into three contri-
butions stemming from the droplet Fdrop, the contact
line region Fint and the adsorption layer Fa, i.e. F =
Fdrop + Fint + Fa. In the droplet, away from the contact
line (62) simplifies to
Fdrop =
∫
{Υsl + ξ [g(Γ)− λΓ]− Ph} dx , (63)
whereas in the adsorption layer we find
Fa =
∫
{Υsl + gsg − λΓ} dx . (64)
where we have dropped the pressure term Pha in Fa by
assuming that outside the adsorption layer h  ha and
that the volume constraint on the liquid is determined
by the droplet and not the adsorption layer. Expressions
(63) and (64) are now identical to the macroscopic de-
scription in section IIIA Eq. (22) This shows that the
expression for χ(Γ) given in (61) is valid for all expres-
sions g if the product ansatz for f(h,Γ) is used.
V. CONCLUSION AND OUTLOOK
We have employed equilibrium considerations to es-
tablish the link between mesoscopic and macroscopic de-
scriptions of drops covered by insoluble surfactants that
rest on smooth solid substrates. The requirement of con-
sistency of the two approaches relates the macroscopic
quantities (interface tensions) and the mesoscopic quan-
tities (wetting energy) and implies that the dependencies
of interface and wetting energies on surfactant concentra-
tion may not be chosen independently. In particular the
solid-gas interface tension in the macroscopic description
is directly related to properties of the mesoscopic wetting
energy.
The main conclusions of our equilibrium results also
apply to the theoretical description of out-of-equilibrium
phenomena through hydrodynamic modelling. In partic-
ular, the surfactant-dependencies of Derjaguin (or dis-
joining) pressures and interface tensions may not be cho-
sen independently as this might result in (i) incorrect dy-
namics towards equilibrium and (ii) incorrect final states,
i.e., that do not correspond to minima of appropriate en-
ergy functionals. We emphasize that although many phe-
nomena associated with surfactants, like autophobing or
spreading, are typically studied in dynamic and out of
equilibrium settings, an underlying mesoscopic theoreti-
cal framework should for large times always lead to the
same equilibrium state as the corresponding macroscopic
description.
If one does not take the consistency relation into
account and chooses in the mesoscopic model the
surfactant-dependencies of liquid-gas interface tension
and wetting energy without having the macroscopic sys-
tem in mind one may implicitly assume quite peculiar
surfactant-dependencies of the solid-gas interface ten-
sion.5
In section IV, we have used a specific simple example
to illustrate how the wetting energy (and Derjaguin pres-
sure) needs to be modified in the presence of surfactants
with a linear equation of state to ensure consistency be-
tween the macroscopic and the mesoscopic picture. Note
that the employed ansatz of a factorized wetting energy
f(h) = fˆ(h)χ(Γ) was chosen for simplicity. It is just one
possible choice and actually strongly restricts the physi-
cal phenomena that can be described. To model, e.g. the
behaviour close to a wetting transition, other assump-
tions regarding the form of the wetting energy need to
5 For instance, the linear dependencies of the Hamaker and liquid-
gas interface tension on surfactant concentration employed in
section V.C.1 of [15] imply a solid gas interface tension of the
form c1 + c2Γ + c3(1 + Γ)n/(m−n)) where the ci are constants
and n and m are the powers in a polynomial wetting energy.
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be made as the product ansatz fixes the height of the
adsorption layer while at a wetting transition it diverges.
The main arguments and results of our work as detailed
in section III are, however, of a general nature. They
are independent of the exact form of the wetting energy.
We find that in the presence of surfactant, the struc-
tural form of the Young-Dupré law remains unchanged,
but the surfactant concentrations and surface tensions
equilibrate self-consistently. Depending on the relation
of the interface free energies of liquid-gas and solid-gas
interfaces, adding surfactant may have qualitatively dif-
ferent effects on the contact angle. Even in our sim-
ple example with purely entropic surfactant free ener-
gies, we either find a lowering of the contact angle with
increasing amount of surfactant in the system or the op-
posite behaviour, i.e., an autophobing. The approach
proposed here together with the general dynamic mod-
els introduced in [13, 14] allows for systematic numerical
investigations of drop spreading and retraction dynam-
ics employing mesoscopic models with consistent depen-
dencies of wetting energy and interface tensions on sur-
factant concentration. For overviews of rich spreading,
autophobing and fingering behaviour in various experi-
ments see e.g. [3, 36–40].
As our approach is generic it may be extended to a
number of more complex situations. For instance, the
surfactant can accumulate at all three interfaces. Then
in the macroscopic picture, the liquid-gas, solid-liquid
and solid-gas interfaces are characterized by surfactant-
dependent local free energies g(Γ), gsl(Γ), and gsg(Γ),
respectively. For a fixed overall amount of surfactant
one again obtains Eq. (34), however, all interface ten-
sions correspond to local grand potentials: Υi = gi(Γi)−
Γi∂Γgi|Γi and the three concentrations Γi are related by
∂Γg|Γ=Γlg = ∂Γgsl|Γ=Γsl = ∂Γgsg|Γ=Γsg , i.e., the chemical
potential is uniform across the entire system. The incor-
poration of surfactant also at the solid-liquid interface
thus renders the discussion more involved but does not
pose a principal problem as long as such a dependency
is also incorporated into the mesoscale consideration. A
further example is a generalization towards soluble sur-
factants. Then, additionally a bulk concentrations of sur-
factants has to be incorporated in the static consideration
(for fully dynamic thin-film models see [14]). Incorpora-
tion of micelles is also possible.
In principle, the local free energies (or equation of
state) for the surfactant may be arbitrarily complicated
and account e.g., for phase transitions of the surfactant.
This can include substrate-induced phase transitions as
substrate-mediated condensation [41, 42]. If such transi-
tions can occur the free energy also has to account for gra-
dient contributions in the surfactant concentration (see
e.g., extensions discussed in [13, 14]). The approach de-
veloped here would then again give consistency relations
between interface and wetting energies and include the
possibility of phase changes in the surfactant layer.
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